Abstract. This paper establishes upper and lower bounds on the speed of approximation in a wide range of natural Diophantine approximation problems. The upper and lower bounds coincide in many cases, giving rise to optimal results in Diophantine approximation which were inaccessible previously. Our approach proceeds by establishing, more generally, upper and lower bounds for the rate of distribution of dense orbits of a lattice subgroup in a connected Lie (or algebraic) group G, acting on suitable homogeneous spaces G=H . The upper bound is derived using a quantitative duality principle for homogeneous spaces, reducing it to a rate of convergence in the mean ergodic theorem for a family of averaging operators supported on H and acting on G= . In particular, the quality of the upper bound on the rate of distribution we obtain is determined explicitly by the spectrum of H in the automorphic representation on L 2 . n G/. We show that the rate is best possible when the representation in question is tempered, and show that the latter condition holds in a wide range of examples.
Best possible Diophantine exponents
Our purpose in the present paper is to consider dense orbits of a lattice subgroup G acting on a homogeneous space G=H , and to give explicit quantitative upper and lower bounds on the rate of approximation of a general point x 0 2 G=H by a generic orbit x G=H . We will address this problem in considerable generality below and give diverse examples for the approximation exponent under study, but before delving into the general theory, let us point out the following remarkable feature that emerges from our analysis. It is possible to give an explicit spectral condition which can often be easily verified, and which implies that the upper and lower bounds on the rate of approximation coincide, yielding the best possible result. This gives rise to the optimal solution of an array of natural problems in classical Diophantine
The second author acknowledges support of ERC grant no. 239606. The third author was supported by Israel Science Foundation ISF grant no. 471/13. approximation in real, complex and p-adic vector spaces. In order to demonstrate this phenomenon we begin by presenting some concrete examples where the optimal approximation Diophantine exponent can be obtained.
Let F denote the fields R, C or Q p . Let G be a linear algebraic subgroup of the group SL n .F / Ë F n considered as a group of affine transformations of F n . We fix a norm on R n and C n , and a (vector space) norm on Mat nC1 .R/ and Mat nC1 .C/. In the local field case we take the standard valuation on the field, and the standard maximum norm on the linear space F n , and on Mat nC1 .F /. We view the affine group SL n .F / Ë F n , n 2, as a subgroup of SL nC1 .F /, specifically as the stability group of the standard basis vector e nC1 , and consider norms on it by restriction from SL nC1 .F / Mat nC1 .F /. Let X F n be an affine subvariety which is invariant and homogeneous under the G-action, so that X ' G=H , where H is a closed subgroup of G. We define the distance on X by restricting the norm defined on F n . Let be a lattice subgroup of G which acts ergodically on G=H , so that almost every -orbit is dense in X. Definition 1.1. Assume that for x; x 0 2 X there exist an exponent < 1 and a constant 0 D 0 .x; x 0 ; / > 0 such that for all 2 .0; 0 /, the system of inequalities
has a solution 2 . We define the Diophantine approximation exponent Ä .x; x 0 / as the infimum of > 0 such that the foregoing inequalities have solutions as stated.
Let us note the following:
(1) The exponent above is an analogue for lattice orbits of the uniform Diophantine exponent studied by Bugeaud and Laurent [3] [4] [5] and also generalises the uniform Diophantine exponent for approximation by SL 2 .Z/-orbits in R 2 considered by Laurent and Nogueira [25] .
(2) We remark that the existence of some finite for which the foregoing Diophantine equation has solutions for arbitrary small is a highly non-trivial condition, and is far from obvious in general. It means that x 0 has approximations by elements x in the orbit of x whose norm is bounded by a power of 1 , but a priori the set where this condition is satisfied (for any finite ) may be very small.
(3) One can also consider the approximation problem for the system of inequalities k x x 0 k Ä and k k Ä :
Our methods can be used to provide best possible exponents in this case as well.
Since all norms on F n and on Mat nC1 .F / are equivalent, it is evident that any choice of norm leads to the same exponent.
Notice also that it is evident that the function Ä .x; x 0 / is -invariant, and hence when acts ergodically on G=H , it is almost surely a fixed constant, which we denote by Ä .G=H / D k .X /.
We now proceed to describe some natural examples of classical Diophantine approximation problems where the best possible exponent Ä .G=H / can be computed. The results stated below will all be shown in due course to follow from the general results that will be developed later on, see Section 5.
Inhomogeneous Diophantine approximation in the real and the complex plane.
Consider the affine action of the group D SL 2 .Z/ Ë Z 2 on the real plane R 2 . Corollary 1.2. The approximation exponent for the -orbits in the plane is given by Ä .R 2 / D 1.
More concretely, the problem of simultaneous inhomogeneous integral Diophantine approximation in the plane admits the following solution. For any Á > 0, for almost every x 0 D .u 0 ; v 0 /, for every x D .u; v/, and for every sufficiently small, there are integers a, b ,c, d , m, n with k.au C bv C m; cu C dv C n/ .u 0 ; v 0 /k Ä such that ad bc D 1 and max¹jaj; jbj; jcj; jd j; jmj; jnjº Ä 1 Á :
Taking the latter equation modulo integers, we immediately deduce that the rate of approximation by generic orbits of SL 2 .Z/ in its action on T 2 D R 2 =Z 2 by group automorphisms satisfies the following. For any Á > 0, for almost every N x 0 2 T 2 and for every N x 2 T 2 , the equation k N
x N x 0 0 k Ä k k 1CÁ has infinitely many solutions 2 SL 2 .Z/. Let us note the following:
(1) The only results we are aware of in the literature regarding estimates of the Diophantine exponent for lattice actions on non-compact homogeneous varieties are due to LaurentNogueira [25, 26] . They established that generically Ä .x; x 0 / Ä 3 for SL 2 .Z/ acting linearly on the plane by explicitly constructing a sequence of approximants using a suitable continued fractions algorithm. For the linear action on the real plane, Maucourant and Weiss [34] have also established an (explicit, but not as sharp) upper bound for Ä .x; x 0 / for arbitrary lattice subgroups of SL 2 .R/ using results on the effective equidistribution of horocycle flows. Diophantine exponents for cocompact lattices acting on the complex plane can be derived from the effective equidistribution theorem of Pollicott [38] .
(2) We note that for the linear action, determining the exact value of Ä .x; x 0 / generically remains an open problem, for any lattice subgroup, over any field, in any dimension. For explicit general upper and lower bounds we refer to [13] .
(3) For the sphere S 2 viewed as a compact homogeneous space of SO.3; R/, an exponent of Diophantine approximation for a suitable lattice in the unit group of a quaternion algebra is a consequence of the celebrated Lubotzky-Phillips-Sarnak construction [29, 30] . Similarly, Diophantine exponents for actions of specially constructed lattices on odddimensional spheres can be deduced from the sharp spectral estimates due to Clozel [8] .
The work of Oh [37] on spectral estimates for homogeneous spaces of simple compact Lie group can also be used to establish some Diophantine exponent for certain lattices.
Let us now consider the problem of simultaneous inhomogeneous Diophantine approximation by pairs of Gaussian integers in C 2 , Eisenstein integers, or more generally pairs of algebraic integers in an imaginary quadratic number field. The group D SL 2 .ZOEi / Ë ZOEi 2 acts ergodically on C 2 , and the same holds for D SL 2 .I/ Ë I 2 , where I is the ring of integers of the imaginary quadratic fields QOE p D/, D 2 a positive square free integer. We can now state the following result, whose proof will be given in Section 5 below. We note that establishing exact value of the approximation exponent for a general imaginary quadratic field remains an open problem.
1.2. Approximation of indefinite ternary quadratic forms. Consider the variety Q ;d .R/ of real indefinite ternary quadratic forms of fixed non-zero discriminant d and signature , on which the group SL 3 .R/ acts via g Q D Q ı g 1 . Fixing the standard basis of R 3 , each quadratic form can be represented by a symmetric 3 3 matrix A D A Q . The variety Q ;d .R/ can thus be identified with the set of 3 3 symmetric matrices with determinant d and signature . We use this identification to measure the distances on the variety by the norm difference of the corresponding representing matrices.
In this setting we have the following Diophantine approximation result.
Corollary 1.4. The following statements hold.
(1) Given any indefinite ternary form Q 0 2 Q ;d .R/, for almost every indefinite non-degenerate form Q 2 Q ;d .R/, any Á > 0, and sufficiently small > 0, there exists 2 SL 3 .Z/ satisfying
and the exponent 5 is the best possible.
(2) For any other lattice subgroup of SL 3 .R/, the approximation exponent on the variety of indefinite ternary quadratic forms is again given by Ä .Q ;d .R// D 5.
Constant determinant variety.
Let k ¤ 0 and consider the constant determinant variety V n;k .F / D ¹A 2 Mat n .F / W det A D kº. The group G D SL n .F / SL n .F / acts transitively on V , via .g; h/A D gAh 1 . The stability group H ' ¹.g; g/ W g 2 SL n .F /º, namely the diagonally embedded copy of SL n .F /. Note that H is the fixed point set of the involution .g; h/ 7 ! .h; g/ and hence the variety V n;k .F / D G=H in question is a semisimple symmetric space. Corollary 1.5. The following statements hold.
(1) Let be any irreducible lattice in SL 3 .F / SL 3 .F /. Then the best possible exponent of Diophantine approximation of on the constant determinant variety is given by Ä .V n;k .F // D 4=3 in the cases F D R; C; Q p .
(2) In particular, for any square free integer d > 1, if denotes the Galois involution of QOE p d , and A 7 ! A its extension to
We note that upper and lower bounds for the exponent of approximation on the constant determinant variety when n > 3 are established in [13] . However, the exact exponent of approximation in this case remains an open problem. In the case n D 2, upper and lower estimates for the exponent can be established, and will be considered elsewhere.
Complex structures.
Consider the variety C 4 .W / of complex structures on a fourdimensional real vector space W . Each complex structure can be identified with a matrix J 2 Mat 4 .R/ satisfying J 2 D I , and we measure the distance between complex structures by the difference in norm of the representing matrices. The group SL 4 .R/ acts on the space of complex structures on W and the space C 4 .W / can be identified with SL 4 .R/=SL 2 .C/. Corollary 1.6. The action of any lattice subgroup of SL 4 .R/ on the space of complex structures on C 2 Š R 4 has best possible approximation exponent given by Ä .C 4 .W // D 9=4.
1.5. Simultaneous Diophantine approximation. The action of the order two element D diag .1; 1; 1; 1/ by conjugation on SL 4 .F / has fixed point group given by
We consider its semisimple subgroup H , namely the kernel of the homomorphism
and thus the homogeneous space D 2 .F / D SL 4 .F /=.SL 2 .F / SL 2 .F //. The latter can be identified with the variety of direct sum decompositions of F 4 into a sum of two 2-dimensional subspaces endowed with a volume form, namely
with vol 4 the product of the two volume forms on the subspaces. Then H is the stability group of the decomposition given by (in the obvious notation) F 4 D F 2˚F 2 . The problem of approximation on the variety G=H is that of simultaneous unimodular Diophantine approximation of two complementary 2-dimensional subspaces. More generally, we consider the embedding of the product group H D SL 2 .F / n in G D SL 2n .F / in diagonal blocks, and the homogeneous variety D n .F / D G=H . Similarly, approximation on G=H by orbits of a lattice G amounts to simultaneous unimodular Diophantine approximation of n two-dimensional subspaces in F 2n . Corollary 1.7. Let F D R; C; Q p , and let be any lattice of SL 2n .F /, n 2. Then the Diophantine approximation exponent for the lattice orbits on the homogeneous space D n .F / defined above is
1.6. Representations of SL 2 .
Irreducible representations. Consider the variety R n .R/ of irreducible linear representations W SL 2 .R/ ! SL n .R/, n 3, with two representations 1 and 2 identified if ity of the dimension, the variety R n has one or two connected components R, and the group G D SL n .R/ acts transitively on each connected component. Thus each connected component can be identified with G=H where H ' SL 2 .R/. Corollary 1.8. For any lattice subgroup SL n .R/, the exponent of Diophantine approximation for the action of on a connected component R R n .R/ is
provided n 3.
Reducible representations of SL 2 . A reducible representation W SL 2 .R/ ! SL n .R/ can be decomposed to a sum of irreducible ones, and as we saw above, for a lattice subgroup SL n .R/ approximation by lattice orbits on the variety R .R/ D SL n .R/= .SL 2 .R// amounts to a problem in simultaneous unimodular Diophantine approximation associated with the decomposition, namely simultaneous approximation subject to the additional constraint of preserving volume forms. Remarkably, in all of these problems the best possible Diophantine approximation is achieved. Corollary 1.9 (General representations). Let W SL 2 .R/ ! SL n .R/ be any non-trivial representation, n 3. Then for any lattice subgroup SL n .R/, the exponent of Diophantine approximation for the action of on the variety R .R/ is
where d. / is the maximal dimension of an irreducible subrepresentation of .
1.7. Diagonal embedding and restriction of scalars. Let E be a totally real field extension of Q of degree n 1 2 with ring of integers I E . Embed the group D SL n .I E / in SL n .R/ n 1 D G via 7 ! . 1 . /; : : : ; n 1 . //, where j W E ! R are the n 1 distinct field embeddings. As is well known (see e.g. [32, p. 295] ), is an irreducible lattice in G. We denote the diagonally embedded copy of SL n .R/ in G by .SL n .R//. We can now state: Corollary 1.10. The group acts on the variety X D SL n .R/ n 1 =.SL n .R// with best possible exponent, given by
.n 2/.n C 1/ n ; provided n 3.
1.8. Covering homogeneous spaces. Finally, let us note that in all of the previous examples concerning the varieties X ' G=H , if L is any non-compact semisimple subgroup of H , then the lattice acting with the best possible Diophantine exponent on X also acts with the best possible Diophantine exponent on the cover Q X D G=L. The exponents themselves, however, are generally different. We refer to Section 5 for the proof of this and the above results.
1.9. Organisation of the paper. In Section 2, we introduce a general set-up where our arguments apply and in Section 3 we develop a framework for estimating the approximation exponent of a lattice group acting on homogeneous space G=H . In particular, we show that this problem reduces to understanding the spectral decomposition of H acting on L 2 .nG/. In Section 4, we discuss the necessary spectral estimates. Finally, in Section 5, we prove the results stated in the introduction.
2. Definitions, notation and general set-up 2.1. Very brief overview. Given a lattice subgroup of a locally compact second countable (lcsc) -compact group G, and a closed subgroup H G, we consider the case where acts ergodically on the homogeneous space G=H , with respect to the unique G-invariant measure class. It then follows that almost every orbit of on G=H is dense, and we will develop a quantitative gauge to measure the rate at which denseness is achieved. An important part of the motivation for this problem is that it includes a broad collection of classical Diophantine approximation problems, as demonstrated in the previous section and will be further demonstrated below.
Our approach is to reduce the study of ergodic properties of lattice orbits on the homogeneous space G=H , via the quantitative duality principle developed in [16] , to the ergodic properties of the orbits of the stability group H in the space n G.
The main tool we will use to study the H -orbits in n G is a quantitative mean ergodic theorem for a family of averages on H , acting in L 2 . n G/. In particular, it is the rate of convergence in the mean ergodic theorem for these averages on the stability group H which determines the rate of approximation by lattice orbits on the homogeneous variety G=H . Under favourable conditions, it is possible to establish the best possible spectral estimate for these averages, and this makes it possible to establish the best possible rate of distribution of almost every dense orbit.
General set-up.
Continuing with the notation of the previous section, we fix a discrete lattice subgroup G, and G being unimodular, we denote a choice of Haar measure on G by m G . Let H G be a closed unimodular subgroup, and choose a Haar measure m H on H . It follows that the homogeneous space G=H D X carries a G-invariant Radon measure, unique up to multiplication by a positive scalar. We denote by m X the unique G-invariant measure on X satisfying, for every compactly supported continuous function f on G:
Let Y D n G be the homogeneous space determined by the lattice subgroup, endowed with a finite G-invariant measure. We denote by m Y D m nG the unique G-invariant measure having the following relation with Haar measure m G . For every compactly supported continuous function f on G:
Note that this choice of the invariant measure m Y is not necessarily a probability measure, and its total mass V ./ is equal to the Haar measure of a fundamental domain of in G. Thus m Y .Y / D V ./, and we denote by e m Y the probability measure m Y =V ./. We fix a metric dist on X which satisfies the following regularity property: Assumption 1 (Coarse metric regularity). For every compact G and every compact S X, there exists a constant C 0 . ; S / > 0 such that for all g 2 and x; x 0 2 S,
We let D W G ! R C be a proper continuous function, and set also jgj D D e D.g/ . We will assume that right and left multiplication in G produce only a bounded distortion of D, namely:
Assumption 2 (Coarse norm regularity). For every compact G, there exists a constant b. / > 0 such that for all u; v 2 and g 2 G,
It then follows that
This condition is certainly satisfied if D is coarsely subadditive, namely, if for all elements
We remark that when F D R; C and X F n is a homogeneous space embedded in F n , condition (2.2) will allow us to take any vector-space norm on Mat n .F / and restrict it to G, not just a submultiplicative norm. This will be convenient in several applications. A similar remark applies to general locally compact fields.
We consider the family of sets G t D ¹g 2 G W D.g/ Ä tº, which are sets of positive finite Haar measure on G for sufficiently large t . Their intersection with the group H , namely H t D ¹h 2 H W D.h/ Ä t º, are sets of positive finite Haar measure in the unimodular subgroup H when t is sufficiently large.
It follows from (2.2) that the sets G t have the following stability property: for every compact G, there exists a constant c 1 D c 1 . / > 0 such that
for all t t . We now turn to describe the parameters that appear naturally in the estimates of the exponents in the Diophantine approximation problems that will be the main subject of the present paper.
2.3. Approximation on homogeneous spaces. Fix any point x 0 2 X, and another point x 2 X with the orbit x dense in X. We consider the problem of quantitative approximation of the point x 0 2 X by points in the orbit x, namely establishing an estimate of the form d. 1 x; x 0 / < with j j D < B , as ! 0, with a fixed positive . Note that this problem is meaningful for any fixed dense orbit x, but many possibilities may arise in the generality discussed here. One is that every orbit of is dense in X , and another is that only almost every orbit is dense, but a dense set of points x 2 X have non-dense orbits. There could also be a dense set of points x 0 2 X where x 0 is in fact closed or even finite, although x is dense and d.x 0 ; x/ is arbitrarily small.
Let us now define the exponent of approximation Ä for dense orbits in the action of in its action on (the general metric space) X. Definition 2.1. Given a point x 2 X with a dense orbit and a general point x 0 2 X, assume that there exist < 1 and 0 D 0 .x; x 0 ; / > 0 such that for all 2 .0; 0 /, the system of inequalities dist. 1 x; x 0 / Ä and j j D Ä has a solution 2 . Define the Diophantine approximation exponent Ä .x; x 0 / as the infimum of > 0 such that the foregoing inequalities have solutions as stated.
Let us note the following fundamental, but easily verifiable fact: under the assumptions (2.1) and (2.2) on the gauge D, the exponent Ä.x; x 0 / is a -invariant function. Hence when is ergodic on G=H , it is equal to a constant almost surely, which we will denote by Ä .G=H /.
Our goal is to give explicit upper and lower estimates of the approximation exponent Ä .G=H /, and to that end we introduce the following natural (and necessary) assumptions, which as we shall see below are satisfied in great generality.
Assumption 3 (Coarse exponential volume growth). There exist two constants a and a 0 with 0 < a 0 Ä a < 1 such that for every Á > 0 and a constant C 2 .Á/ 1, we have
for finite and positive a; a 0 . We note that because of property (2.2) replacing H by a conjugate gHg 1 will not affect the values of a; a 0 , and that the constant C 2 .Á/ will vary uniformly as g ranges over a compact set.
Typically, in our examples we will have a D a 0 , and often we will be able to even assert that as t ! 1,
at / for some A > 0 and r 0.
This sharper estimate will play a role later on. We note that it is also possible to allow in (2.5) the case where a D a 0 D 0, namely where volume growth in H is polynomial. This will be considered elsewhere.
Assumption 4 (Local dimension). For the family of neighbourhoods
there exist constants 0 < d 0 Ä d < 1 such that for every Á > 0 and a constant C 3 .x 0 ; Á/ 1, we have
is called the upper local dimension of X at x 0 , and the constant
is called the lower local dimension of X at x 0 . Namely, we assume that both these dimensions are finite and positive. Moreover, we note that it follows from property (2.1) that as x 0 varies in compact subset of X, the upper and lower local dimension as well as C 3 and 0 above satisfy uniform bounds.
Clearly, when X is a real connected manifold, we have
X / at every point, and we can also take then Á D 0 in (2.6). Typically in the examples we will consider, d and d 0 will be constant on X and equal.
Assumption 5 (Quantitative mean ergodic theorem). Consider the probability
We assume that there exists Â > 0 such that for every Á > 0 there exists a constant C 4 .Á/ > 0 such that
We assume that replacing H by a conjugate subgroup gHg 1 will not change the validity of this estimate or the value of Â, and that the constant C 4 .Á/ will vary uniformly as g ranges over a compact set. We refer to [14] for proofs of the ergodic theorem (2.7) for an extensive class of examples.
Note that the validity of the quantitative mean ergodic theorem for the averaging operators Y .ˇt / implies of course the ergodicity of H on n G. By the duality principle, the ergodicity of on G=H follows, and in particular, almost every -orbit in X D G=H is dense.
To study the distribution of dense lattice orbits in the homogeneous space X D G=H , we will need to utilise a Borel measurable section s X W G=H ! G. Letting p X W G ! G=H denote the canonical projection, we have p X ı s X D I X , and for each element g 2 G, we have g D s X .gH /h X .g/, where h X W G ! H is determined by the section s X , and is Borel measurable. Furthermore, note that h X is H -equivariant on the right, namely h X .gh/ D h X .g/h, for g 2 G and h 2 H . We assume also that the section is bounded on compact sets in X , and that it is continuous in a sufficiently small neighbourhood of x 0 . In our considerations we will assume that x 0 is the point in X D G=H with stability group H D H x 0 , and so that
Notice that using the section we obtain a measure-theoretic isomorphism between 
Indeed, taking a sufficiently small neighbourhood of identity in G such that its -translates are disjoint, we conclude that
and it follows from property (2.3) that
. ; A/ > 0. This implies estimate (2.8). We note that replacing H by a conjugate group gHg 1 will not affect the validity of this estimate, and that the constants C .A/ will vary uniformly as g ranges over a compact set.
For a fixed compact set 0 H , we denote
namely e .x 0 / is obtained by lifting the neighbourhood O .x 0 / of x 0 2 X to G via the section s X , and then multiplying it by a compact set 0 H . Note that for < 1 (say) the union of the sets e .x 0 / is contained in a fixed compact set in G, which we denote by . We define the associated characteristic function .g/ D e .x 0 / .g/, which has compact support, and we consider its periodisation under , given by f .g/ D P 2 . g/. Clearly, f is bounded and has compact support in Y D n G.
Now note that given a bounded subset L G, since the intersection of the lattice with the bounded set L L 1 is finite and has at most N.L/ elements (say), the map g 7 ! g is at most N.L/-to-1 on L. In particular, this is valid for e .x 0 /, and it follows that
By the definition of the measure m Y , we also have
Furthermore, by its definition the support of the function f in Y is e .x 0 /, and on its support it is bounded by N. e .x 0 // Ä N. /. We can therefore conclude that
With all the preliminaries in place, we now turn to stating and proving our main approximation results.
3. Bounding the exponent approximation for dense orbits 3.1. A lower bound for the approximation exponent. In the present section we will consider a homogeneous space X D G=H and use the bound (2.6) for the lower local dimension of X and the upper bound (2.4) for rate of volume growth of the sets H t to prove a lower bound on the rate of approximation for almost every point by a dense -orbit in X . Theorem 3.1. Let G be an lcsc group, H a closed subgroup, a discrete lattice in G acting ergodically on X D G=H . Suppose that Assumptions 1-4 stated in Section 2.2 and Section 2.3 are satisfied. In particular, a denotes the volume growth exponent in (2.4), and d 0 denotes the lower local dimension in (2.6). Then for x 2 X with a dense -orbit, and for almost every x 0 2 X, the exponent of approximation satisfies
Proof. We fix x 2 X with a dense -orbit, and assume in our discussion below that H is the stability group of x 2 X. This amounts to replacing H by conjugate subgroups g x Hg 1 x with some g x 2 G, for which (2.4) is still valid, with constants depending on x and varying uniformly as x varies in a compact set.
Given a bounded non-empty open set A X, we consider its lift to G via the section s X , namely the bounded set s X .A/. Note that for 2 the conditions D. / Ä t and
A/ is a fixed bounded set and
The upper estimate we seek for the number of lattice points 2 \ G t such that 1 x falls in the bounded open set A follow from the upper bound (2.8) on the number of lattice points in H t Cc 1 s X .A/ 1 , and the upper volume growth bound (2.4) of H t , as follows:
This estimate holds for all Á > 0 and sufficiently large t . Now assume that for some x 2 X with dense orbit, the set of x 0 where Ä.x; x 0 / < d 0 =a actually has positive measure. Then there exists Ä 0 < d 0 =a such that ¹x 0 2 X W Ä.x; x 0 / Ä Ä 0 º has positive measure. For each point y in the latter set there exists .y/ such that for all < .y/ there exists some 2 with dist. 1 x; y/ Ä and j j D Ä Ä 0 . For a positive integers j , define
and then clearly for some j 0 the set A j 0 has positive measure, and we can consider a bounded subset with positive measure, denoted by A
We now claim that for every Á > 0 and sufficiently small > 0, any bounded set A of positive measure contains a 2 -separated set of cardinality at least C Á d 0 CÁ for some C Á > 0.
Indeed, if ¹y i W i 2 I º is a maximal 2 -separated subset of A, every point in A is at distance less than 2 from one of the points y i . Then the union over i 2 I of the 4 -balls O 4 .y i / centered at y i must cover A. Hence, the measure A is bounded by
where we have used the lower local dimension estimate (2.6) and its uniformity. Thus the size jI j of a maximal separated set satisfies the desired lower bound. Let us now apply the last assertion to the bounded positive measure set A 0 j 0 . For each sufficiently small choose a 2 -separated subset of cardinality at least C Á d 0 CÁ . Then for all < 1=j 0 , the -ball centered at each of these 2 -separated points must contain a point of the form 1 x with 2 satisfying j j D Ä Ä 0 . These points in the orbit are distinct and their total number thus cannot exceed C 0 Á . Ä 0 / aCÁ . Thus for all sufficiently small ,
This implies that Ä 0 .a C Á/ d 0 Á for every Á > 0 and hence Ä 0 d 0 =a, which contradicts our choice.
Remark 3.2. We note that in order to estimate the exponent for the case when the inequalities are of the form
the same argument can be used. One merely needs to note that the condition x 2 A implies that 2 s X .A/H t Cc 1 and moreover we have the following lattice point estimate, an analogue of .2:8/:
The rest of the argument goes through exactly as above.
3.
2. An upper bound for the approximation exponent. We now turn to prove an explicit upper bound on the approximation exponent by points in a dense lattice orbit, complementing the lower bound of the previous section. Theorem 3.3. Let G be an lcsc group, H a closed subgroup, a discrete lattice in G acting ergodically on X D G=H . Suppose that Assumptions 1-5 stated in Section 2.2 and Section 2.3 are satisfied. In particular, a denotes the volume growth exponent in (2.4), d and d 0 denote the upper and lower local dimensions in (2.6), and Â denotes the rate in the mean ergodic theorem in (2.7). Then for almost every x 2 X and for every x 0 2 X, the exponent of approximation satisfies
Proof. Let us fix x 0 2 X, and assume that H is the stability group of x 0 in G. We recall from Section 2.3 the associated section s X W G=H ! G, and also the sets O .x 0 / and their lifts, which were chosen as
with 0 H open and bounded. Finally, recall the family of functions f 2 L 2 .Y / defined there.
Let us apply the averaging operators Y .ˇt / acting on L 2 .Y / to the function f :
To estimate the integrand, let us first determine where it is non-zero. By definition, the condition
Note that first, if h 2 H t and g ranges over a compact set L G, then
The quantitative mean ergodic theorem (2.7) gives the estimate
for all Á > 0 and sufficiently large t. We take D e t = with > 0. Let us fix a compact set L G and define
Integrating only on the subset L .t / Y , the previous estimate implies
Using the bound (2.6) on the lower local dimension of O .x 0 / and the definition of the function f , we deduce that for every Á > 0 and sufficiently small ,
Using (2.9) and the bound (2.6) on the upper local dimension of O .x 0 /, we also obtain
Finally, we recall that by (2.4) m H .H t / C 2 .Á/ 1 e .a 0 Á/t for all sufficiently large t. Putting these estimates together, we have
where D .Á/ > 0 can be made arbitrary small as Á ! 0. Hence, the exponent can be made positive provided that >
Now it follows from the above estimate that
Hence by the Borel-Cantelli lemma almost every point g 2 L eventually avoids L n . Equivalently, for almost every g 2 L there exists n.g/ such that Y .ˇn/f e n= .g/ ¤ 0 for all n n.g/. As noted above, the non-vanishing implies that there exists
Hence, we have proven that there exists a constant c 1 D c 1 .L; x 0 / > 0, uniform over x 0 in bounded sets, such that for almost all elements g 2 L and n > n.g/, there exists an element 2 satisfying d. 1 gH; x 0 / < e n= with satisfying j j D Ä e c 1 e n e .1CÁ/n with Á > 0. This proves the statement for D e n= with n 2 N, and for general this follows by nearest-integer interpolation. Finally, by taking L D U j where U j is an increasing sequence of subsets exhausting G as j ! 1, we deduce that the same holds for almost every g 2 G. This proves that the approximation exponent Ä .x; x 0 / satisfies the upper bound
we need to study ergodic averages over H 1 t and therefore we need a mean ergodic theorem for such averages. The same argument then goes through with very minor modifications.
3.3. Optimality of the approximation exponent. It is a remarkable fact that when d D d 0 , a D a 0 , and Â D 1=2 the spectral upper bound in Theorem 3.3 in fact matches the a priori lower bound on the rate of approximation given in Theorem 3.1, which was derived from more elementary geometric counting arguments.
Retaining the assumptions of Theorem 3.3 and Theorem 3.1, and assuming in addition that d D d 0 and a D a 0 , we obtain the following sufficient condition for optimality of the rate of distribution of almost every dense lattice orbit on a homogeneous space. (1) If the rate of convergence in the mean ergodic theorem (2.7) for the averages Y .ˇt / acting in L 2 . n G/ is governed by the square root of the volume of H t (namely, bounded by
Let us also note the following relation between the pigeon-hole principle, spectral gaps and Diophantine approximation. . n G/ is the estimate governed by the square root of the volume. It is quite remarkable that the fact that the spectral decay rate in L 2 0 . n G/ cannot be any faster follows from a geometric pigeon hole principle for -orbits in G=H .
(2) Diophantine approximation and spectral gap. The previous comment raises the very interesting question of whether a converse statement may hold. To be concrete, let us formulate just two obvious questions, in the case where G and H are connected non-compact almost simple Lie groups, and a lattice in G.
If the exponent of Diophantine approximation of on G=H is optimal, does it follow that the spherical spectrum of H in L 2 0 . n G/ tempered? More generally, given a rate of approximation for the -orbits on G=H , is it possible to derive a bound for the spectral gap of the spherical spectrum of H in L 2 0 . n G/? 3.4. Sharp approximation by the best possible exponent. When the best possible approximation exponent Ä .x; x 0 / D d=a is obtained in a given problem, the conclusion is that dist. 1 x; x 0 / Ä has solutions 2 with j j D Ä B Á .x; x 0 ; Á/.1= / .d=a/CÁ , for any Á > 0. A considerably sharper statement is that in fact Á D 0 is possible, and the solutions satisfy j j D Ä B.x; x 0 /.1= / d=a .log.1= // k for some fixed k. This is indeed often the case, and it suffices that Assumptions 3-5 stated in Section 2.3 hold in a slightly sharper form. Keeping the notation introduced there, assume that the following hold.
Assumption 3'. The volume growth on H satisfies for some a > 0
at for all sufficiently large t.
Assumption 4'. The measure of -neighbourhoods on X satisfies
for sufficiently small uniformly over x 0 in compact sets.
Assumption 5'. The averaging operators on Y .ˇt / satisfy the spectral bound
for sufficiently large t.
Theorem 3.7. Let G be an lcsc group, H a closed subgroup, a discrete lattice in G acting ergodically on X D G=H . Suppose that Assumptions 1-2 stated in Section 2.2 and Assumptions 3'-5' are satisfied. Then for every x 0 2 X and for almost every x 2 X, the system of inequalities dist.
has a solution 2 provided that k > .2m C 1 2bÂ /=.Âa/ and 2 .0; 0 .x; x 0 ; k//.
Proof. We use the notation and the arguments from the proof of Theorem 3.3, taking advantage of the superior estimates in the present case. We take D t z e t = with z; > 0. We fix a compact set L G and define
Then as in the proof of Theorem 3.3 we deduce that
We choose D d=.2Âa/ and z > .2m
for some Á > 0. Hence, it follows that P 1 nD1 m G .L n / < 1. Now we may argue as in the proof of Theorem 3.3 to conclude that for almost every g 2 L, there exists n D n.g/ such that for all n > n.g/ there exists 2 such that d. 1 gH; x 0 / Ä n z e n= and D. / Ä n C c 1 . Equivalently, for sufficiently small of the form D n z e n= , there exists an element 2 such that d. 1 gH; x 0 / Ä and j j D Ä e c 1 1 . /, where .u/ D .log u/ z u 1= . We note that 1 . / log. 1 / z for all sufficiently small . Hence, this implies the required estimate for almost all x D gH with g 2 L. Finally, the proof of the theorem can be completed as before.
Remark 3.8. Let us note that Assumption 4' is of course immediate when G is a real or p-adic Lie group. Assumption 3' holds in considerable generality for closed subgroups of Lie and algebraic groups, and in particular for all semisimple algebraic subgroups, see [17] and [14, Chapter 7] . Assumption 5' also holds quite generally, and we note than when H is a semisimple algebraic subgroup, the best possible spectral estimate Â D .ˇt / is via the Harish-Chandra "-function of H . The well-known estimates of Harish-Chandra [18] [19] [20] then imply that the estimate given in assumption 5 0 is indeed valid. These facts will be elaborated further below.
We now turn to describe spectral methods that yield best possible Diophantine rates. We note that all the considerations we develop below are required for the proofs of the Diophantine exponents stated in our examples above. It is more useful and efficient, however, to state the spectral estimates in general form, and we will devote Section 5 to a detailed account of their applications.
We illustrate Theorem 3.7 on the example of the affine action of D SL 2 .Z/ Ë Z 2 on the plane R 2 . In this case, we deduce that for every x 0 2 R 2 and almost every x 2 R 2 , the system of inequalities
has a solution 2 for all Á > 0 and sufficiently small . This improves Corollary 1.2. We note that the other results stated in the introduction also admit such logarithmic improvements.
Pointwise bounds on approximation exponents.
In Theorem 3.1 we have fixed any starting point x 2 X with dense orbit x, and proved that for almost every point x 0 we have Ä.x; x 0 / d 0 a . On the other hand, in Theorem 3.3 we have fixed any point x 0 2 X, and showed that for almost every point x we have Ä.x; x 0 / Ä
. Consequently, the conclusion we can draw from their conjunction is that
It is a natural problem to investigate further the set where the upper or the lower estimate hold, and the set where both are valid. We will consider this problem only in the following important special case. If the action of on X is isometric with respect to the metric d , then d. 1 x; x 0 / D d.x; x 0 /. Furthermore, in an isometric action, if one orbit is dense then all of them are. The argument used to prove Theorem 3.3 therefore implies the following. and is sufficiently small.
It is conceivable that the conclusion holds, in the isometric case, for every single pair .x; x 0 /, but this remains an open problem.
The problem of uniformity on a co-null set of orbits. Theorem 3.3 establishes that every point x 0 2 X can be approximated fast, namely with approximation exponent is Ä, by almost every orbit x. Another natural open problem is whether this co-null set can be taken to be one and the same for every x 0 , for example, whether it can be defined by suitable specific Diophantine conditions.
We note that in [25] and [26] Laurent and Nogueira consider the case of SL 2 .Z/ acting on R 2 , and assuming specific Diophantine conditions on the point x, they deduce that the orbit SL 2 .Z/ x approximates every point. In particular, they show that there is a fixed co-null set of points x 2 R 2 such the orbit of each of them under SL 2 .Z/ approximates every point (at a fixed rate).
Spectral estimates
4.1. Subgroup temperedness problem. To apply Theorem 3.5 to obtain optimal approximation results for -orbits in G=H , we must address the following basic questions. Consider an lcsc group G, a closed unimodular subgroup H , a unitary representation W G ! U.H /, and a lattice subgroup G. Let H denote the regular representation of H on L 2 .H /, and let Ä w 0 denote weak containment of unitary representations. Recall that the unitary representation of G is weakly contained in the unitary representation 0 if for every F 2 L 1 .G/ the estimate k .F /k Ä k 0 .F /k holds. Clearly, if is strongly contained in 0 (namely equivalent to a subrepresentation), then it is weakly contained in . Given a compact subgroup K G, we will also consider when the restriction to H of the spherical spectrum of the representation 0 nG , or any representation without invariant unit vectors, is weakly contained in H . Here a spherical irreducible representation of G is one containing a K-invariant unit vector. In these situations we will say that H is n G-spherically tempered or that H is a spherically-tempered subgroup of G.
Let us note that the case of H D G, namely when the representation of G in L 2 0 . n G/ is a tempered or spherically tempered representation of G, is a major open problem in the theory of automorphic forms. Thus for G D SL 2 .R/ and SL 2 .Z/ the congruence subgroups, temperedness amounts to the celebrated Selberg conjecture. For further discussion we refer to [6, 7] , the surveys [39] and [1] and the references therein.
It is a remarkable and most useful fact that the temperedness problem for subgroups H¨G exhibits very different behaviour: it is a ubiquitous phenomenon which can be established using several different methods. The rest of our discussion will be devoted to demonstrating this fact and discussing further examples where the best possible spectral estimate of H on L 2 0 . n G/ is obtained. Before proceeding, let us first note the following. .ˇt /k D 1 for all t, and the operator norm does not decay at all.
(2) Nevertheless, it is an important and useful fact that when considering amenable groups, it is often the case that the relevant operators have norm in Sobolev spaces which converge to zero. The rate of decay can be estimated using again the spectral characteristics of the representation of G on L 2 0 . n G/. Such estimates will appear in detail elsewhere. (3) The definition of tempered subgroup above is different than the notion of a subgroup H G being .G; K/-tempered introduced by Margulis [33] . The latter is strictly stronger than Definition 4.1, and it deviates from standard terminology, in which a representation of a semisimple group is spherically tempered if (a dense subspace of) its spherical matrix coefficients are in L 2CÁ .G/ for every Á > 0, and not necessarily in L 1 .G/. We will therefore use the term ".G; K/-tempered in L 1 " to refer to this situation. As we shall see below in Theorem 4.11, if a closed subgroup H of a semisimple group G is .G; K/-tempered in L 1 , then H is in fact a tempered subgroup of G, in the sense defined in the present paper.
Ubiquity of temperedness.
To show that the phenomenon of subgroup temperedness is remarkably prevalent and robust, we will very briefly present five general methods establishing it, and then proceed to explain how to utilise them and give a considerable number of further examples. Specifically, for given G; H and the representation of H G in L 2 0 .G= / can be shown to be tempered or spherically tempered using the following methods.
(1) Kazhdan's original argument and some variants. Here G is a simple S-algebraic group (for instance, but many other lcsc groups qualify), and H Š SL 2 .F / SL 2 .F / Ë F k is embedded in G as a closed subgroup, where is a representation of SL 2 .F / on F k without non-zero invariant vectors. The lattice subgroup G is arbitrary.
(2) Tensor power argument. Here G is a semisimple S-algebraic group G (or a subgroup of G) embedded diagonally in G n.G/ , where n.G/ is an integer determined explicitly by spectral estimates which give an explicit form of property T . Again the lattice is arbitrary.
(3) Restriction of universal pointwise bounds. K-finite matrix coefficients on a semisimple S-algebraic group G satisfy several universal pointwise bounds. It is often possible to establish directly that their restriction (or the restriction of some of them) to a subgroup H is in L 2CÁ .H / for every Á > 0. This includes the case of L 1 -tempered .G; K/ representations. Once again the lattice here is arbitrary.
(4) Direct proofs of temperedness of G=. For some specific choices of the group G and the lattice temperedness has been established directly. This applies for example to SL 2 .Z/ SL 2 .R/ and SL 2 .ZOEi / SL 2 .C/, as well as some of their congruence subgroups.
(5) Bounds towards Ramanujan-Selberg conjecture. If G is of real rank 1, for example SO.n; 1/, some bounds towards Ramanujan-Selberg conjecture are known for some lattices. The restriction of 0 nG to SO.k; 1/ can be spherically-tempered or close to tempered for certain 1 Ä k < n.
We now turn to presenting and utilising these arguments in more detail, together with some other relevant spectral estimates. We remark that in all the examples given below of tempered triples .G; H; / the assumptions stated in Section 2.3 are satisfied, and best possible approximation rates for the action of G on the homogeneous varieties G=H are obtained. For more on these arguments, we refer to Section 5.
4.3.
Restriction to SL 2 -subgroups: Kazhdan's argument. The phenomenon of subgroup temperedness appeared already in Kazhdan's original proof of property T in [24] . We quote the basic observation in the following form which will be convenient for our purposes, and which summarises the results stated by Zimmer in [42 Let now G be any lcsc group, S as in Theorem 4.3 and W S ! G a representation with closed image. Clearly, the image of F k cannot be compact without being trivial, since the image of SL 2 .F / normalises it, but does not centralise it. Therefore, if is any mixing unitary representation of G, namely a representation whose matrix coefficients vanish at infinity, then ı .F k / has no invariant unit vectors. Therefore the triple .G; .SL 2 .F //; / is tempered.
Note that when G is the group of F -points of an algebraic group over F and H Š SL 2 .F / is an algebraic subgroup, H acts via the adjoint representation on g, which decomposes as a sum of irreducible linear representations of H . Let v g be an H -invariant irreducible subspace of dimension at least 2 which forms an abelian subalgebra v. The group V D exp v cannot be compact, since it is normalised by H but not centralised by it. Then S D H ËV satisfies the hypothesis of Theorem 4.3. (Note that when we assume that the adjoint representation of H on g has an irreducible subspace of dimension at least 2 which is realised on an Abelian subalgebra, then the exceptional case giving rise to the oscillator representation of Sp 2n does not arise.)
When G is a semisimple group and the lattice G is irreducible, the Howe-Moore mixing theorem for irreducible actions [22] implies that the representations 0 nG is mixing. The Abelian group V D exp.v/ is non-compact and hence acts ergodically on n G. We summarise these considerations in the following result which is a corollary of Theorem 4.3.
Theorem 4.4. Let F be a locally compact non-discrete field of characteristic zero, and let G denote the F -points of a connected semisimple linear algebraic group defined over F . Let W SL 2 .F / ! G be a non-trivial rational representation, and assume that the adjoint representation of H D .SL 2 .F // on the Lie algebra g admits an irreducible subrepresentation of dimension at least 2 on an Abelian subalgebra. If G is an irreducible lattice subgroup, then the unitary representation of H on L 2 0 . n G/ is tempered.
Let us give some explicit examples of subgroup temperedness deriving from the results above.
(1) H D SL 2 .F / SL 3 .F / D G is a tempered subgroup, provided the representation of SL 2 .F / in SL 3 .F / is non-trivial and reducible.
(2) H D SL 2 .F / SL n .F / D G, n 3, is a tempered subgroup, for a host of reducible representations of SL 2 .F / in SL n .F /, for example when the subgroup preserves the direct sum decomposition F n D F 2˚F n 2 and acts irreducible on the first summand.
, where the n-fold product SL 2 .F / SL 2 .F / is embedded so as to preserves the direct sum decomposition F 2n D F 2˚ ˚F 2 .
The tensor power argument.
Recall that a unitary representation of an lcsc group G is called a strongly L p -representation if there exists a dense subspace J H , such that the matrix coefficients h .g/v; wi belong to L p .G/, for v; w 2 J. If in an L pCÁ -representation for all Á > 0, we will call it an L p C -representation. When K G is a compact subgroup, recall also that a vector v 2 H is called K-finite (or .K/-finite) if its orbit under .K/ spans a finite-dimensional space. We recall the following spectral estimates, which will play an important role below. They are due to [10, Theorem 1], [9] , [21] (see [23] for a simple proof). (1) If is strongly L 2 C , then is weakly contained in the regular representation G .
(2) If is strongly L p , and n is an integer satisfying n p=2, then ˝n is strongly contained in 1 G .
We now state the following result, which summarises a number of results due to [2, 9, 22, 27, 35] in a form convenient for our purposes. Theorem 4.6 (L p -representations). Let F be a locally compact non-discrete field of characteristic zero. Let G denote the group of F -rational points of an algebraically connected semisimple algebraic group which is almost F -simple. Let be a unitary representation of G without non-trivial finite-dimensional G-invariant subspaces (or equivalently without G C -invariant unit vectors). 1)
(2) If the F -rank of G is 1, then any unitary representation admitting a spectral gap (equivalently, which does not contain an asymptotically invariant sequence of unit vectors) is strongly L p C for some p C D p C . / < 1. In particular, every irreducible infinitedimensional representation has this property.
(3) When G is S-algebraic group and is such that every simple component has a spectral gap and no non-trivial finite-dimensional subrepresentations, then is a strongly L p C -representation.
1) G C denotes the closed subgroup of G generated by one-parameter unipotent subgroups.
We remark that an explicit estimate of the best exponent p C .G/ valid for all unitary representation as above when G is simple and has F -split rank at least 2 is given by [21, 40] for SL n .F / and Sp 2n .F /, by [27, 28] in the Archimedean case, and by [35] for general p-adic groups. Let us define n.G/ as the least integer greater or equal to p C .G/=2.
We can now state the following result which establishes that diagonal embeddings in product groups are often tempered.
Theorem 4.7. Assume that L is an F -simple algebraic group defined over F with F -rank at least 2, as in Theorem 4.6, and assume that
Proof. Choose any n D n.L/ unitary representations 1 ; : : : ; n of L which are irreducible and infinite dimensional, and consider the representation
where .L/ is the diagonally embedded subgroup in L n . The restriction of to H has a dense subspace of matrix coefficients which are in L 2CÁ .H /, for every Á > 0. Hence the restriction of the representation to the subgroup H is weakly contained in the regular representation H of H , by Theorem 4.5 (1).
Let us apply this fact to the representation of G on
This follows since the lattice is irreducible, and so each of the direct summands in the direct sum L n is mixing on n G. Hence the restriction of each such representation to H is a tempered representation of H . Since the irreducible constituents in the direct integral decomposition of 0 nG are tempered when restricted to the subgroup H , it follows that their direct integral, the representation on L 2 0 . n G/ is also tempered when restricted to H . Some concrete examples of tempered subgroup that arise are as follows.
-tempered subgroup of G. Indeed, SL 3 .F / has property T , with n.SL 3 .F // D 2, so that Theorem 4.7 applies.
(2) More generally, if H is simple and H .SL n .F // SL n .F / k D G, where n 3 and k n 1, then H is a 0 nG -tempered subgroup, for any irreducible lattice . Here .SL n .F // is the diagonal embedded copy of SL n .F / into a product of k copies of SL n .F /. Indeed, in general n.SL n .F // D n 1, for any n 3 and Theorem 4.7 applies.
Universal pointwise bounds: Harish-Chandra function.
Spectral estimates on Iwasawa groups. Let us recall the discussion from [14] , and begin with the following general definition of groups with an Iwasawa decomposition, which we call Iwasawa groups. Besides semisimple linear algebraic groups, note that this class includes for example algebraic groups of affine transformations of Euclidean spaces or nilpotent groups, with semisimple Levi component. (1) An lcsc group G has an Iwasawa decomposition if it has two closed amenable subgroups K and P , with K compact and G D KP .
(2) The Harish-Chandra "-function associated with the Iwasawa decomposition G D KP of the unimodular group G is given by
where ı G is the left modular function of P , extended to a left-K-invariant function on G D KP . (Thus if m P is the left Haar measure on P , ı G .p/m P is right P -invariant, and the Haar measure on G is given by
Convention. The definition of an Iwasawa group involves a choice of a compact subgroup and an amenable subgroup. When G is the group of F -rational points of a semisimple algebraic group defined over a locally compact non-discrete field F , G does admit an Iwasawa decomposition, and we can and will always choose below K to be a good maximal compact subgroup, and P a corresponding minimal F -parabolic group (see [32] or [41] ). This choice will be naturally extended in the obvious way to S-algebraic groups.
Let now G be an lcsc group, K a compact subgroup, and W G ! U.H / a strongly continuous unitary representation, where U.H / is the unitary group of the Hilbert space H . We recall the following basic spectral estimates for general Iwasawa groups, which were stated in [14] and constitute a natural generalisation of [10] . (1) If is strongly L 2CÁ for every Á > 0, then is weakly contained in the regular representation of G.
(2) If is weakly contained in the regular representation, then
(1) The quality of the estimate in Theorem 4.9 varies with the structure of G. For example, if P is normal in G (so that G is itself amenable), then P is unimodular if G is. Then ı G .g/ D 1 for g 2 G and the estimate is trivial.
(2) For semisimple algebraic groups over F the "-function is in fact in L 2 C , a well-known result due to Harish-Chandra.
(3) Theorem 4.9 will be most useful when the Harish-Chandra function is indeed in some L p C .G/, p C < 1, so that Theorem 4.5 applies. We note that in [15] , it was established that the Harish-Chandra function of the adele groups of semisimple algebraic groups have this property, with p C D 4.
(4) When " is in some L q , q < 1, Theorem 4.9 implies that any representation a tensor power of which is weakly contained in the regular representation is strongly L p for some p.
Theorem 4.9 is a universal pointwise bound for matrix coefficients of unitary representation of Iwasawa groups. When G is a real semisimple algebraic group, the Harish-Chandra " G function admits an explicit two-sided estimate in terms of ı G , as follows. We denote by Q ı G the W -invariant function extending ı G from A C to all of A, where W is the Weyl group of A in G. Then
where logkgk D dist.gK; K/, dist the G-invariant Riemannian distance given by the Killing form on symmetric space G=K (or a suitable G-invariant distance on the Bruhat-Tits building in the local field case). The modular function ı G on A is given by the product of all the characters associated with the roots of an F -split torus A P , namely by the character associated with the sum of all positive roots of A in G. Finally, d.G/ is a constant depending only on G, and bounded by the number of roots. Defining n.p/ to be the least integer satisfying n.p/ p=2, and keeping our notation above, we can now state the following explicit integral criterion for subgroup temperedness. 
The function " G is invariant under the Weyl group of A in G, and thus when we extend the right-hand side of the estimate above so as to be invariant under the Weyl group, we obtain an estimate of " G on all of A. Using the matching Cartan decompositions of H and G, we restrict this estimate to A C H , and conclude that integrability (with respect to Haar measure) of . Q ı
H implies the (almost) square-integrability of the matrix coefficients restricted to H . 4.6. Universal pointwise bounds using strongly orthogonal systems. Another universal pointwise bound for K-finite matrix coefficients was developed by Howe [21] and Howe and Tan [23] . To state it for SL n .R/, let O a D .a 1 ; : : : ; a n / parametrise the element of the diagonal group A SL n .R/, with A C being given by the condition a 1 a 2 ; : : : ; a n . We let " 2 denote the Harish-Chandra "-function of SL 2 .R/, and define the following bi-K-invariant function on SL n .R/:
Then the following universal pointwise bound holds [23] . For any two K-finite vectors u and v in a unitary representation of SL n .R/ without invariant unit vectors,
The foregoing construction uses some naturally embedded copies of SL 2 .R/ in SL n .R/, namely H i;j stabilising the plane spanned by the standard basis vectors e i ; e j and acting trivially on the other basis vectors. It then applies the fact that the unitary representations of SL 2 .R/ Ë R 2 are tempered when restricted to SL 2 .R/, provided the representation has no R 2 -invariant unit vectors.
More generally, it is possible to use a family of commuting copies of SL 2 .R/ in a simple group of real rank at least 2, in order to bound the matrix coefficient by an expression involving the Harish-Chandra functions of the SL 2 .R/ subgroups. A commuting family of such subgroup arises from any strongly orthogonal root system ‡ D ¹ˇ1; : : : ;ˇkº in the root system of G, namely a system satisfying thatˇi˙ˇj is not a root for 1 Ä i ¤ j Ä k. This construction was elaborated systematically for all simple algebraic groups over local fields in [35, 36] . It produces, for each simple group G of F -split rank at least 2, and for each strongly orthogonal root system ‡ , a bi-K-invariant function G; ‡ satisfying [36, Theorem 1.1]:
for every K-finite matrix coefficient as above. The function G; ‡ in question is given on A C by a product of the " 2 -functions associated with the collection of subgroups Hˇ,ˇ2 ‡, each of which is isomorphic to SL 2 .F / or PSL 2 .F /. Thus, when the restriction of G; ‡ to a closed subgroup H G is in L 2CÁ .H / for every Á > 0, the subgroup H is tempered in G. When H is a semisimple algebraic F -subgroup, and we choose the Cartan and Iwasawa decompositions of H to be the restrictions of those chosen on G, the integrability condition amounts to G; ‡ ı H restricted to A C H being in L 2CÁ .A H / for every Á > 0 with respect to the Haar measure on A H . Again this condition can be phrased in terms of the characters associated with the strongly orthogonal root system when restricted to A C H , and is a different condition than the one provided by the restriction of the "
In particular, if G.F / is simple of F -split rank at least 2, let H G be the subgroup H D Qˇ2 ‡ Hˇassociated with a strongly orthogonal system ‡ of roots in the root system of G over F . Then H is a tempered subgroup of G, as follows from [21, 23] for the real and complex case, and [35, 36] more generally. 4.7. Subgroups which are .G; K / tempered in L 1 are tempered. In [33] and [35] several examples were given of subgroups H G which are .G; K/-tempered in L 1 , where both G and H are semisimple. As we shall now prove, all of these examples are of tempered subgroups in the sense of the present paper. In many cases, both facts follow from a straightforward application of a suitable universal pointwise bound of K-finite matrix coefficients of G restricted to H . We note that the condition that all K-invariant matrix coefficients of irreducible unitary representations of G being in L 2CÁ .H / for all Á > 0 is of course weaker that being in L 1 .H /. It is strictly weaker, since for example, the embedding of SL 2 .R/ SL n .R/ in the upper left corner is not .G; K/-tempered in L 1 (see e.g. [35, Example 5.3] ), but it is tempered in the usual sense by the basic Kazhdan argument. Thus the K-invariant matrix coefficients in this case are L 2CÁ .H / for every Á > 0, but not in L 1 .H /. In general we have Theorem 4.11. Assume that H is a closed subgroup of the semisimple group
Proof. Note that K-finite vectors are dense in every continuous unitary representation G on a separable Hilbert space. It suffices to show given a unitary representation of G without invariant unit vectors, that the restriction of K-finite matrix coefficients of to H are in L 2CÁ .H / for every Á > 0. We will use an extension of an argument of Cowling [9, Lemma 2.2.6], and prove the following more general fact.
Assume that for every unitary representation of G without invariant unit vectors, the restriction of the K-invariant matrix coefficients of to H are in L p .H /. We claim that then the restriction of all K-finite matrix coefficients of every such unitary representations to H is in L 2p .H /.
Given this claim, the condition that H is .G; K/-tempered in L 1 (and even the weaker condition that it is .G; K/-tempered in L 1CÁ for every Á > 0) implies that the K-finite matrix coefficients of G restricted to H are in L 2CÁ .H / for every Á > 0, namely almost square integrable. By Theorem 4.5, restricted to H is weakly contained in 1 H and H is a tempered subgroup of G.
To prove the claim let u and v in H be K-finite, and then there exist trigonometric polynomials r 1 ; : : : ; r N on K, such that for w D u; v and all k 2 K,
The linear span (under left translation) of the functions N r j .k 0 / r i .k/, for 1 Ä i; j Ä N , in C.K H K H / and C.K K/ is finite dimensional, and hence the restriction of the L 2 -norm, the L 1 -norm and the L p -norm to the subspace are all equivalent, namely
with c being the representation contragredient to , namely h c u c ; v c i D h .g/u; vi, and
Clearly, U and V are bi-K-invariant vectors, and the matrix coefficient they determine is an L p -function on H by our assumption, provided only that the representation ˝ c does not admit G-invariant unit vectors. But since both and c do not admit G-invariant unit vectors, by the Howe-Moore theorem the matrix coefficients of ˝ c vanish at infinity on G. This completes the proof of Theorem 4.11.
Let us now note some further examples of tempered subgroups H SL n .R/ based on the foregoing discussion.
(1) According to [33, Example b] , the irreducible representation of SL 2 .R/ into SL n .R/, n 4 yields a subgroup which is .G; K/-tempered in L 1 , and hence a tempered subgroup. As noted in (4) below, the irreducible representation in the case n D 3 namely the adjoint representation of SL n .R/ yields a tempered subgroup, which is not .G; K/-tempered in L 1 .
(2) According to [33, Example c] given any simple group H , there exists k D k.H / such that for any irreducible representation of W H ! SL n .R/, .H / is .G; K/-tempered in L 1 and hence a tempered subgroup of SL n .R/ provided n k. 
4.8. Bounds towards Selberg's eigenvalue conjecture. For simple real groups of real rank 1, bounds towards the Selberg eigenvalue conjecture for certain pairs .G; / have been developed, and in some cases they are optimal or close to optimal. It is possible to exploit such bounds to establish best possible (or close to best possible) exponents of Diophantine approximation in number of very interesting and natural examples. We will consider this topic in detail elsewhere, and here we will just briefly mention some of the possibilities.
First, if the representation of G on L 2 0 . n G/ is tempered, then so is its restriction to any closed subgroup H G. The main interest in this fact lies in the cases where the subgroup H is non-amenable, and thus the case of G D SL 2 .R/ is excluded here. We list some possibilities.
(1) G D SL 2 .C/, H D SL 2 .R/, is a suitable arithmetic lattice as well as some of its low level congruence groups, for example D SL 2 .ZOEi /.
(2) Let G be a simple Kazhdan group of real rank 1, so that G D Sp.n; 1/ or the exceptional group F 20 4 . There is an embedding of H D Sp.2; 1/ Sp.n; 1/ D G (whenever n 3) which gives a tempered subgroup (see [35, Section 4.8] ), and thus so is also every closed subgroup of H . Note that the temperedness here applies to all the representations 0 nG for all lattices Sp.n; 1/.
p / is tempered, provided p is such that the congruence subgroup .p/ SL 2 .Z/ satisfies the Selberg eigenvalue conjecture. This is indeed the case for p Ä P for some P . Thus again every subgroup of G is tempered in this representation.
Second, spectral estimate weaker than temperedness have been established for arithmetic lattices in SO.n; 1/ or SU.n; 1/. Such eigenvalue bounds are sufficient to imply that the restriction of 0 nG to suitable SO.k; 1/ or SU.k; 1/ is tempered, or close to tempered, see [31] . They allow the derivation of Diophantine exponents which are optimal or close to optimal in the case of the action of arithmetic lattice on rational ellipsoids, for example.
The examples, revisited
We now turn to complete the proofs of the corollaries stated in Section 1. In every case, we will first identify the algebraic group G, its algebraic subgroup H (and thus the variety G=H ), the distance function on H , and the lattice subgroup . We will then show that the representation of H in L 2 . n G/ is tempered, identify the rate of volume growth on H with respect to the distance function, and then use Theorem 3.5 to conclude that the rate of Diophantine approximation is the one stated in the corollary.
5.1. Proof Corollary 1.2. Affine action on the real plane. Here G D SL 2 .R/ Ë R 2 , acting affinely on the plane R 2 , H D SL 2 .R/ is the stability group of the zero vector, so that SO.2; 1/ Š PSL 2 .R/, but the representation of SO.2; 1/ in SL 3 .R/ is irreducible and Kazhdan's argument does not apply. Rather, we use the fact that given any irreducible representation n W SL 2 .R/ ! SL n .R/ the image H n D n .SL 2 .R// is a tempered subgroup of SL n .R/ provided n 3, as follows from the discussion in Section 4.7. Given any norm on Mat n .R/, the volume growth of norm balls in H n D n .SL 2 .R// is asymptotic to C k k;n T 2=.n 1/ (see, for instance, [11] or [17, Section 7] ). In the case of ternary forms n D 3 so that a D 1, and d D dim G=H D 8 3 D 5, and we conclude that the exponent of Diophantine approximation is Ä .Q ;d .R// D 5 for any lattice subgroup SL 3 .R/.
5.4. Proof of Corollary 1.5. Constant determinant variety. Here G is of the form SL 3 .F / SL 3 .F /, H D .SL 3 .F // is the diagonally embedded copy of the group SL 3 .F /, and G=H Š SL 3 .F /. We take distances given by a norm on Mat 3 .F / restricted to H and G=H . As is well known (see [27] and [35] ) here n.SL 3 .F // D 4, and so every irreducible infinitedimensional representation of SL 3 .F / is L 4CÁ for every Á > 0. Hence the restriction of the tensor power of two such representations to the diagonal subgroup .SL 3 .F // is in L 2CÁ for every Á > 0, as shown in Theorem 4.7. Thus, while H is not a tempered subgroup of G, for every irreducible lattice SL 3 .F / SL 3 .F /, the representation of H in L . n SL 4 .R// is tempered. This follows from a straightforward explicit calculation using the natural embedding of SL 2 .C/ in SL 4 .R/ and applying the universal pointwise estimate (4.1) given by Howe and Tan (see Section 4.6). The real dimension of the variety G=H is d D 9, and the volume growth in SL 2 .C/ in the defining representation is a D 4. We conclude that Ä .G=H / D 9=4.
5.6. Proof of Corollary 1.7. Simultaneous Diophantine approximation. Here G is of the form SL 2n .F /, H D SL 2 .F / n SL 2n .F /, and the variety D n .F / ' SL 2n .F /= SL 2 .F / n can be interpreted as the variety of "unimodular direct sum decompositions" of F 2n , to n two-dimensional subspaces with suitable volume forms. We take a norm Mat 2n .F / and restrict it to H , and a regular equivariant embedding G=H F k with distance given as a restriction of a norm on F k . Note that H is a direct product group, and each SL 2 .F /-component of H is tempered in G by Kazhdan's argument, as stated in Theorem 4.4. Hence the same is true for the direct product group, namely H . The dimension of G=H is clearly given by .2n/ 2 1 3 n when F D R; Q p , and when F D C the real dimension is doubled. The exponent of volume growth of H D SL 2 .F / n is n times the volume growth of SL 2 .F / in the defining representation, namely 4n for F D R; Q p and 2n for F D C. We note however that the volume growth of norm balls in this case is in fact asymptotic to a multiple of T 2n (or T 4n when F D C), so the exponent of volume growth is as stated. Thus Ä .D n .F // D .2n/ 2 1 3n 2n
for F D R; Q p ; C.
5.7. Proof of Corollary 1.8. Irreducible representation of SL 2 . As already noted in Section 4.7 above, it was shown in [33, Example b] that for every irreducible representation n W SL 2 .R/ ! SL n .R/, n 4, the subgroup n .SL 2 .R// D H is a subgroup which is .G; K/-tempered in L 1 . By Theorem 4.11, it follows that it is therefore tempered. We remark that the latter fact can also easily be proved directly using the Howe-Tan universal pointwise bound stated in (4.1) and (4.2). Taking any norm on Mat n .R/, the growth of norm balls of radius T restricted to n .H / is asymptotic to T 2=.n 1/ (see [11] or [17, Section 7] ), and the dimension of the variety in question is of course d D n 2 4. The Diophantine exponent is given by Ä D d=a D 1 2 .n 2 4/.n 1/, by Theorem 3.5. The case n D 3 follows from part (1) of the remark in Section 4.7.
5.8. Proof of Corollary 1.9. Reducible representations of SL 2 . Let H D .SL 2 .R//, where W SL 2 .R/ ! SL n .R/ D G is a non-trivial representation, n 3. If is irreducible, H is a tempered subgroup of G as noted in the proof of Corollary 1.8 in Section 5.7. Otherwise, is reducible, and there is at least one H -invariant subspace V R n , on which the action of H is by an irreducible representation k of dimension k, where 2 Ä k < n. It follows that H is contained in a subgroup L of G, which is isomorphic to SL 2 .R/ Ë k R k . By Theorem 4.3, L is a tempered subgroup of G and hence so is H . Choose a norm k k on Mat n .R/, and let a. ; k k/ denote the rate of growth of norm balls in H with respect to the norm restricted to H . Then for any lattice SL n .R/, the exponent of Diophantine approximation on G=H is .n 2 4/=a. ; k k/, by Theorem 3.5. Finally, for the operator norm, a. ; k k/ D 2 d. / 1 by Section 5.7.
5.9. Proof of Corollary 1.10. Restriction of scalars for totally real fields. For n 3, SL n .R/ has the property that every unitary representation without invariant unit vectors is in L 2.n 1/CÁ . By Theorem 4.7, the diagonal embedding H D .SL n .R// of SL n .R/ in the group G D SL n .R/ n 1 has the property that the restriction of the representation of G on L 2 0 .G= / to H is tempered, for any irreducible lattice G. The lattice associated with restriction of scalar from a totally real field of degree n 1 over Q is well known to be irreducible (see e.g. [32] ). Restricting the trace norm on SL n .R/ n 1 to the diagonal subgroup, the volume growth of norm balls of radius T is asymptotic to T n 2 n . The dimension of the variety if of course .n 2/.n 2 1/, and thus by Theorem 3.5 we have Ä D .n C 1/.n 2/=n. 5.10. Covering homogeneous spaces. Finally, note the obvious fact that if a unitary representation of a unimodular lcsc group H is weakly contained in the regular representation of H , then for every closed unimodular subgroup L H , the restriction of to L is weakly contained in the regular representation of L. Thus if H is tempered in G, so is any subgroup L H , and similarly, if the triple .G; H; / is tempered, then so is the triple .G; L; /. When L is a non-compact semisimple subgroup of the algebraic group G, temperedness implies that restricted to L obeys best possible estimate of operator norms. Thus if has best possible rate on G=H , it has best possible rate also on its covers G=L, by Theorem 3.5. However, in the computation of the exponent Ä D d=a, the dimension d of the homogeneous variety G=L is larger than dim G=H , and the rate of growth of norm balls in L is generally different than the rate of growth of norm balls in H .
